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Abstract
It is known that the ergodic averages Anϕ in the context of the shift action on Z satisfy pointwise
inequalities of the form
Anϕ C
(
E(ϕ|Fn)+E(ϕ|Gn)
)
,
where {Fn}n1 and {Gn}n1 are decreasing sequences of σ -algebras on Z. In this paper we extend
this by examining situations when the ergodic averages can be pointwise dominated by one reversed
martingale, and situations when a reversed martingale can be pointwise dominated by ergodic aver-
ages.
 2003 Elsevier Inc. All rights reserved.
1. Introduction and terminology
Given ϕ :Z→R, let the ergodic averages be defined byAnϕ(j)= (1/n)∑n−1k=0 ϕ(j + k).
Given a probability space (X,β,m), and a measurable transformation T , we call (X,β,
m,T ) a dynamical system. For f ∈ L1(X), we also use An to denote the ergodic aver-
ages in the context of dynamical systems by defining Anf (x)= (1/n)∑k=n−1k=0 f (T n(x)).
Many of the most basic facts about ergodic averages on dynamical systems are equivalent
to analogous facts about the simple action on Z where T (j)= j + 1. In fact sometimes,
as in the issues discussed in this article, the only way to see certain phenomenon about
ergodic averages is to consider this basic model.
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godic averages. This has been a goal of a number of mathematicians since the beginnings
of these subjects. See, for example, the article by Ionescu-Tulcea and Ionescu-Tulcea [2].
Indeed, ergodic theory grew out of generalizing the law of large numbers in probability the-
ory, and in some sense the theory of martingales has a similar origin. Since the behavior of
these two types of stochastic processes are so similar with respect to maximal inequalities
and convergence, and they both have common roots, it would seem that it should be pos-
sible to connect them together intrinsically. This has proved to be unachievable directly in
an abstract dynamical system. However, if one transfers the dynamics to the model action
on Z or to permutations on finite sets of fixed but arbitrary size, then one can get explicit
distributional and pointwise connections between ergodic averages and martingales. This
has been exploited by various authors to prove facts about ergodic averages that cannot
be seen in any other fashion currently. See, for example, the work of Jones et al. [3] on
oscillation of ergodic averages.
The first point we would like to observe is that using arguments analogous to those of
Stroock’s [4], it can be shown in the model dynamical system Z how to use martingales
to dominate ergodic averages. Given a σ -algebra {Fn}, let En(ϕ)= E(ϕ|Fn) be the usual
conditional expectation. Stroock’s idea shows that there is a pair of sequences of decreasing
σ -algebras {Fn}n1, {Gn}n1 on Z such that
sup
p1
Ap
(
ϕ(j)
)
 2 max
(
sup
n1
E(ϕ|Fn)(j), sup
n1
E(ϕ|Gn)(j)
)
.
In this paper we shall see to what extent this inequality can be generalized while using
only one sequence {Fn}n1 of σ -algebras, instead of two. Following this we consider the
reversed question, that is when a reversed martingale can be pointwise dominated by er-
godic averages. It is important to note that to obtain these particular results or other results
of this type that relate martingales with ergodic averages so precisely, one must work in
the context of the integer model for dynamics or permutations on finite sets because there
is no known way in standard dynamical systems to track ergodic averages by martingales
or vice versa.
We shall show when the ergodic averages can be dominated pointwise by a reversed
martingale on Z. This result will give the classical maximal inequality |{supn1 Anϕ(j)
> λ}| (C/λ)‖ϕ‖1, and by Doob’s inequality and the transference principle [1] we shall
obtain the ergodic maximal inequality m{supn1 Anf > λ} (C/λ)‖f ‖1, for all dynami-
cal systems.
Similarly we shall show when a martingale can be dominated pointwise by an ergodic
type average on a finite set S. This result will give the following maximal inequality:
|{supn1 Enϕ(j) > λ}|  (C/λ)‖ϕ‖1. Then we can easily see by the maximal ergodic
theorem and approximation that we can obtain Doob’s maximal inequality for martingales.
Definition 1.1. Given a σ -algebra G on S, let
GA = {A ∈G: B ⊆A with B ∈G, then B ∈ {A,∅}}.
We call GA the atoms of G. Given a σ -algebra G on S and j ∈ S, let GA(j) be the atom
containing j in G.
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thatAnϕ(j) 1/|Mϕj |
∑
k∈Mϕj ϕ(k) for all n ∈N. We shall often denoteM
ϕ
j by simplyMj .
2. Pointwise control of ergodic averages
First we show there is no universal inequality, or master decreasing sequence of σ -
algebras {Fn}n1 in Z.
Theorem 2.1. For any C > 0 and decreasing sequence of σ -algebras {Fn}n1 in Z, there
is ϕ ∈ 1(Z) such that
sup
n1
Anϕ(j) C sup
n1
Enϕ(j)
fails.
Proof. Let FA∞(j)=
⋃
n1 F
A
n (j), and consider |FA∞(j)| for some j . If |FA∞(j)| is finite
then for some m, j +m /∈ FA∞(j). Now for ϕ = 1{j+m}, Enϕ(j)= 0 for all n ∈ N, while
for nm, Anϕ(j)= 1/n. Thus the inequality cannot hold.
Now if FA∞(j) is infinite, then consider any C > 0. Now for some m, |FAn (j)| > 2C
if n > m. If |FAp (j)| is infinite for some p, then the inequality obviously fails. Now if
|FAn (j)| is finite then there is some k such that k ∈ FAn (j) while k + 1 /∈ FAn (j). Now for
ϕ(j)= 1{k+1} we have A2ϕ(k)= 1/2, while Enϕ(k) < 1/2C, thus the inequality cannot
hold. ✷
Now consider the local question: is there C > 0 so that for any given ϕ : Z→R+ with
finite support (or ϕ ∈ p(Z) with p <∞), there is a decreasing sequence of σ -algebras
{Fn}n1 such that
sup
n1
Anϕ(j) C sup
n1
Enϕ(j)
for all j ∈ Z? The answer will be yes, but we need some preliminary arguments to see this.
First, we need a definition. A collection of sets {Cj }j∈S is a chain if for any Ck,Cl ∈
{Cj }j∈S either Ck ⊆ Cl or Cl ⊆ Ck. A collection of sets {Cj }j∈S is a disjoint union of
chains if for any Ck,Cl ∈ {Cj }j∈S , Ck ∩Cl ∈ {Ck,Cl,∅}.
Lemma 2.2. Given a sequence {Ci}i∈Z of finite subsets in Z, that is a disjoint union of
chains, there is a decreasing sequence of σ -algebras {Fn}n1 such that for any Ck ∈
{Ci}i∈Z , Ck ∈ FAn for some n.
Proof. Let FA1 (j)= {j } for all j ∈ Z. And now let
FA2 (j)= Ck
if there is Ck ∈ {Ci}i∈Z with |Ck| = 2 and j ∈Ck , otherwise let
FA2 (j)= FA1 (j).
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FAn (j)= Ck
if there is Ck ∈ {Ci}i∈Z with |Ck| = n and j ∈ Ck , otherwise let
FAn (j)= FAn−1(j).
It is clear that {Fn}n1 is decreasing and Ck ∈ FAn when n= |Ck|. ✷
Lemma 2.3. If ϕ :Z→R+ with finite support, then {Mϕj }j∈Z is a disjoint union of chains.
Proof. If not, there is i < j such that Mi ∩Mj /∈ {Mi,Mj ,∅}. Let ϕ have mass α on
Mi \ (Mi ∩Mj), ϕ have mass β on Mi ∩Mj , and let ϕ have mass γ on Mj \ (Mi ∩Mj).
Also let |Mi \ (Mi ∩Mj)| = k, |Mi ∩Mj | = l and |Mj \ (Mi ∩Mj)| =m.
Thus Ak−1ϕ(i) < Ak+l−1ϕ(i), which implies α/k < (α + β)/(k + l). Similarly
Ak+l+m−1ϕ(i)  Al+k−1ϕ(i) implies (α + β + γ )/(k + l + m)  (α + β)/(k + l), and
finally Al−1ϕ(j) < Al+m−1ϕ(j) implies β/l < (β + γ )/(l +m).
And this implies
αl < βk, γ (k + l) (α + β)m and βm< γ l,
which implies
αl/k < β, γ k < αm and β < γ l/m.
This in turn implies
αl/k < γ l/m< (αm/k)l/m
and thus αl/k < αl/k which is a contradiction. Thus the Mj ’s are a disjoint union of
chains. ✷
Now we can prove the desired theorem.
Theorem 2.4. If ϕ :Z→ R+ with finite support, then there is a decreasing sequence of
σ -algebras {Fn}n1 such that
sup
n1
(
Anϕ(j)
)
 sup
n1
(
Enϕ(j)
)
for all j ∈ Z.
Proof. For any such ϕ, {Mϕj }j∈Z is a disjoint union of chains. Thus using Lemma 2.2 there
is a sequence of σ -algebras {Fn}, such that every Mϕj is an atom in some Fn and thus
sup
n1
(
Anϕ(j)
)
 sup
n1
(
Enϕ(j)
)
. ✷
Now with this result and Doob’s maximal inequality for martingales we can prove the
ergodic maximal inequality.
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{
sup
n1
Anϕ(j) > λ
}∣∣∣ C
λ
‖ϕ‖1.
Proof. By the previous result we have
sup
n1
Anϕ(j) sup
n1
Enϕ(j).
Doob’s maximal inequality can now be used. Indeed, this inequality is usually stated for
probability spaces, but it is easy to see that it holds in the version we are using for any
measure space. Thus, by Doob’s maximal inequality, for any λ > 0, we have∣∣∣
{
sup
n1
Anϕ(j) > λ
}∣∣∣
∣∣∣
{
sup
n1
Enϕ(j) > λ
}∣∣∣ C
λ
‖ϕ‖1. ✷
Thus we have the ergodic maximal inequality in Z. Now the transference principle
implies that if∣∣∣
{
sup
n1
Anϕ(j) > λ
}∣∣∣ C
λ
‖ϕ‖1
holds for all ϕ :Z→R+ and ϕ ∈ 1(Z) then
m
{
sup
n1
Anf > λ
}
 C
λ
‖f ‖1
for all dynamical systems (X,β,m,T ).
We may also ask whether pointwise domination of ergodic averages by reversed martin-
gales is possible without taking the supremum. That is: is there C > 0 such that for every
ϕ :Z→R+ with finite support there is a decreasing sequence of σ -algebras {Fn}n1 such
that
Anϕ(j) CEnϕ(j)
for all j ∈ Z and n ∈N?
This leads to our next theorem.
Theorem 2.6. There is noC > 0 such that for any ϕ with finite support there is a decreasing
sequence of σ -algebras {Fn}n1 on Z such that
Anϕ(j) CEnϕ(j)
holds for all j ∈ Z and n ∈N.
Proof. Suppose there exist such C > 1. Now let K = 2C and ϕm =∑mn=0 Kn1n. We shall
show there is no decreasing sequence of σ -algebras {Fn}n1 such that Anϕ(j) CEnϕ(j)
holds for all j ∈ Z and n ∈N where ϕ = ϕm for sufficiently large m.
Now for ϕ = ϕm we have that
{m− 1,m} ⊆ FA2 (m− 1).
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CE2ϕ(m− 1) CKm−1 = (K/2)Km−1
and
(K/2)Km−1 < (Km +Km−1)/2=Anϕ(m− 1),
which is a contradiction.
Similarly
{m− 2,m− 1,m} ⊆ FA2 (m− 2)
and
{0,1,2, . . . ,m} ⊆ FA2 (0).
But then A2ϕ(m− 1)= (Km +Km−1)/2, while
E2ϕ(m− 1)= (1+K + · · · +Km)/(m+ 1).
But (Km +Km−1)/2 <C(1+K + · · · +Km)/(m+ 1) if and only if
m+ 1 < K(K
m+1 − 1)/(K − 1)
Km +Km−1 .
And since
K(Km+1 − 1)/(K − 1)
Km +Km−1 <K(K
m+1 − 1)/Km−1
and
K(Km+1 − 1)/Km−1 <K(Km+1)/Km−1 =K3,
while m+ 1 is obviously unbounded the inequality cannot hold.
Thus
Anϕ(j) CEnϕ(j)
fails to hold for some j ∈ Z and n ∈N, and we cannot have the desired control. ✷
3. Pointwise control of reversed martingale averages
Given a permutation π on S, with |S| <∞, and ϕ :S → R, let Aπn ϕ(j) = (1/n) ×∑n−1
k=0 ϕ(πk(j)).
In this section we shall ask the natural questions that is the reverse of the those treated
in the previous section. We first begin with: can there exist C > 0 so that if |S| <∞,
and decreasing sequence of σ -algebras {Fn}n1 on S are given, there exists a permutation
π :S→ S such that
sup
n1
Enϕ(j) C sup
n1
Aπn ϕ(j)
holds for all ϕ :S→R+ and j ∈ S?
It is not surprising the answer is no, and its proof is given by the following theorem.
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of σ -algebras {Fn}n1 on S, such that for any permutation π :S → S there is a function
ϕ = 1{k} for some k ∈ S such that
sup
n1
Enϕ(j) C sup
n1
Aπn ϕ(j)
fails for some j ∈ S.
Proof. Consider anyC > 0 and let |S|> 4C, S = {1,2, . . . ,M}, and FAn (1)= {1,2, . . . , n}
for nM , and FAn (m)= {m} for n <m.
Now suppose such π exists. This π must be cyclic, since if π is not cyclic then
| supp(supn1 Aπn (1k)|<M while | supp(supn1 En(1{k})| =M , which is a contradiction.
So since ϕ is cyclic, for some k, πk(1)= 2 and πM−k(2)= 1. Now suppose k M − k
(the case where M − k  k is analogous). Thus k M/2. Then for ϕ = 1{2} the inequality
fails at j = 1, since supn1 Enϕ(1)= 1/2 while supn1 Aπn ϕ(1)= 1/k, and since
C sup
n1
Aπn ϕ(1)= C/k  C/(M/2)= 2C/|S|< 1/2
(since |S|> 4C), we have a contradiction. Thus the inequality cannot hold. ✷
Now we can consider the local question: does there exist a constant C > 0 so that if
|S|<∞, {Fn}1nN is a decreasing sequence of σ -algebras on S, and ϕ : S→R+, then
there is a permutation π :S→ S such that
sup
n
Enϕ(j) C sup
n
Aπn ϕ(j) for all j ∈ S?
The answer will be yes but a bit machinery will be necessary.
Definition 3.2. Given a finite set S, any decreasing sequence of σ -algebras {Fn}1nN
on S, and ϕ :S → R+ and j ∈ S, let Mj be the smallest set of FAn (j) which maximizes
Enϕ(j), that is Mj is the smallest such FAn (j) such that Em(ϕ(j))  (1/|FAn (j)|)×∑
k∈FAn (j) ϕ(k) for all m ∈N.
Definition 3.3. We say a set T is present for j in the permutation π , if for some P ,⋃P
k=0 πk(j)= T .
We shall have reason to consider partially ordered sets of a particular type, namely the
partially ordered set {{Mj }j∈S,∗}, where Mj ∗Mk whenever Mj ⊆Mk .
Lemma 3.4. Given any decreasing sequence of σ -algebras {Fn}1nN on a finite set S,
then the sets {FAn (j): j ∈ S, 1 nN} are a disjoint union of chains.
Proof. Consider any A,B ∈ {FAn (j): j ∈ S, 1  n  N}. If A ∩ B = ∅, let k ∈ A ∩ B .
Now for some l,m, A= FAl (k) and B = FAm (k), thus A∩B ∈ {A,B} since for any k ∈ S,
{FAn (k)}nN is an increasing sequence of sets. ✷
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and in particular {Mj : j ∈ S} is a disjoint union of chains.
Definition 3.5. Given a finite set S, a cyclic permutation π on S, where π = (s1s2 . . . sm)
(that is, π is an |S|-cycle), and ϕ :S → R+, for each s ∈ S let M(π,ϕ)s be the shortest
{s,π(s), . . . , πk(s)} such that
Aπn ϕ(s)
1
|{s,π(s), . . . , πk(s)}|
∑
l∈{s,π(s),...,πk(s)}
ϕ(l)
for all 1 n |S|.
Lemma 3.6. Given a finite set S, a cyclic permutation π = (s1s2 . . . sm) on S, and ϕ :S→
R
+
, |M(π,ϕ)sj |m for any j ∈ {1,2, . . . ,m}.
Proof. Suppose for some j0 ∈ {1,2, . . . ,m}, |M(π,ϕ)sj0 | > m. Then |M
(π,ϕ)
sj0
| = lm + p,
where 0  p < m and 1  l. Clearly |M(π,ϕ)sj | = lm, since Aπmϕ(j) = Aπlmϕ(j) for
all j ∈ S, thus we may further suppose 0 < p < m. Now let ∑pk=0 ϕ(πksj0) = α and∑m
k=p+1 ϕ(πksj0)= β, and let q =m− p.
Then since Aπpϕ(sj0) < Aπlm+pϕ(sj0) we have
α
p
<
l(α + β)+ α
l(p+ q)+ p .
And similarly since Aπp+qϕ(j0) < Aπlm+pϕ(j0) we have
α + β
p+ q <
l(α + β)+ α
l(p+ q)+ p .
Thus αp+ αl(p + q) < lp(α + β)+ αp, so α(p+ q) < (α + β)p. However,
(α + β)l(p+ q)+ (α + β)p < (p+ q)l(α+ β)+ α(p+ q).
Therefore
(α + β)p < α(p + q),
which is a contradiction.
Thus |M(π,ϕ)sj |m for all j ∈ {1,2, . . . ,m}. ✷
Definition 3.7. Given finite set S, a cyclic permutation π on S, where π = (s1s2 . . . sm)
on S, and ϕ :S→R+, we say sj0 ∈ S is a leader for π and ϕ if sj0 /∈M(π,ϕ)sj for j = j0.
Lemma 3.8. Given finite set S, a cyclic permutation π on S and ϕ :S → R+, a leader
exists.
Proof. Let π = (s1s2 . . . sm), and let sj0 be such that |M(π,ϕ)sj | |M(π,ϕ)sj0 | for all 1 j m.
Without loss of generality we may assume sj0 = s1.
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cases, when |M(π,ϕ)s1 | =m and when |M(π,ϕ)s1 | =m.
If M(π,ϕ)s1 =m and s1 ∈M(π,ϕ)sj for j = 1, then define Φ :Z→ R+ by Φ(n)= ϕ(sn)=
Φ(n+m) for 1 nm, and Φ = 0 on Z\{1,2, . . . ,2m}.
Now MΦm+1 = {m + 1, . . . ,2m}. Since the MΦj ’s are a union of chains MΦj must be
disjoint from MΦm+1 or a superset of it. Thus MΦj = {j, j + 1, . . . ,2m}, since if MΦm+1 ⊆
MΦj then M
Φ
j = {j, j + 1, . . . ,2m}, but |MΦj |m. Thus m+ 1 /∈MΦj and so s1 /∈Msj if
2 j m.
Now if |M(π,ϕ)s1 |<m, again define Φ :Z→ R+ by Φ(n)= ϕ(sn)=Φ(n+m) for 1
nm, and Φ = 0 on Z\{1,2, . . . ,2m}. So if s1 ∈M(π,ϕ)sj for j = 1, then again MΦm+1 ⊆
MΦj since M
Φ
j are a disjoint union of chains. But then |MΦj |> |MΦm+1|, thus |M(π,ϕ)sj |>
|M(π,ϕ)s1 |, a contradiction.
Thus s1 is a leader. ✷
Definition 3.9. Given 2 cyclic permutations
(s1s2 . . . sN ), (r1r2 . . . rM)
on sets S and R, respectively, with ϕ :S∪R→R+ and s1 and r1 as their respective leaders,
we call (s1s2 . . . sN r1r2 . . . rM) the join of (s1s2 . . . sN ) and (r1r2 . . . rM).
Lemma 3.10. Given 2 cyclic permutations πS = (s1s2 . . . sN ), πR = (r1r2 . . . rM) on sets
S and R, respectively, with ϕ :S ∪ R→ R+ and s1 and r1 as their respective leaders. If
πR∪S = (s1s2 . . . sN r1r2 . . . rM), then for each j ∈ {1,2, . . . ,N}, M(πS,ϕ)sj is present for j
in πR∪S , and for each i ∈ {1,2, . . . ,M}, M(πR,ϕ)ri is present for i in πR∪S .
Proof. It suffices to show for j ∈ {1,2, . . . ,N}, M(πS,ϕ)sj is present for j in πR∪S . Observe
for sj , {sj , sj+1, . . . , sj+k} is present for sj in πR∪S , when j + k N .
But M(π,ϕ)sj = {sj , sj+1, . . . , sj+k} for some j + k N . Thus we have our claim. ✷
Theorem 3.11. Given any finite set S, decreasing sequence of σ -algebras {Fn}1nN
on S, and ϕ :S→R+, there exists a permutation π :S→ S such that
sup
n1
(
Enϕ(j)
)
 sup
n1
(
Aπn ϕ(j)
) for all j ∈ S.
Proof. Induct on |S|. We shall arrange for each j ∈ S a set T to be present for j with
1
|Mj |
∑
j∈Mj
ϕ(j) 1|T |
∑
j∈T
ϕ(j).
Note T may or may not be Mj ; further discussion will make things clearer.
For |S| = 1 or 2 we have equality, by letting π = (s1s2) for S = {s1, s2}.
Now suppose the above is true for |S| n, that is if |S| n there is a permutation πS
such that supn1(Enϕ(j)) supn1(A
πS
n ϕ(j)) holds, and consider |S| = n+ 1.
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Mj1 ∪Mj2 ∪Mj2 ∪ · · · ∪Mjm = S,
where Mjk ∩Mjl = ∅ for jk = jl . Note that the maximal elements of {{Mj }j∈S,∗} have
this property, since {Mj }j∈S is a disjoint union of chains and every maximal element is a
superset of any other set or is disjoint from it.
Now apply the inductive hypothesis on each Mji and simply take the product of these
permutations. (For example, if (s1s2 . . . sn) is the permutation for Ms1 and (r1r2 . . . rm) is
the permutation for Mr1 then ((s1s2 . . . sn)(r1r2 . . . rm)) is the resulting product.)
Note we can alternatively join these permutations to form a cyclic permutation on S, in
the manner of the preceding lemma.
Now suppose |Mj0 | = n+ 1 for some j0 ∈ S. Consider
S′ =
{⋃
Mj : Mj is maximal with respect to ∗ and Mj = S
}
.
Either S′ = S or not, but in either case we will find a cyclic permutation on S that satisfies
the desired inequality.
Again there is j1, j2, . . . , jm ∈ S such that S′ =Mj1 ∪Mj2 ∪ · · · ∪Mjm , with Mjk ∩
Mjl = ∅ for jk = jl . Now by induction for each Mji there is a permutation πMji =
(j1i j
2
i . . . j
Ni
i ) such that the inequality holds on Mji for each j ∈Mji .
Now simply join the permutations of the maximal Mj ’s with S\S′. For example, if
(s1s2 . . . sn) is the permutation for Ms1 with s1 as its leader, and (r1r2 . . . rm) is the permu-
tation for Mr1 with r1 as its leader, and S\S′ = {t1, t2, . . . , tp} with Ms1 ∪Mr1 ∪ S\S′ = S,
then (s1s2 . . . snr1r2 . . . rmt1t2 . . . tp) is the resulting joined permutation. Since Mti = S for
all ti ∈ S\S′ the inequality is satisfied for all ti ∈ S\S′, because the new permutation is
cyclic. Finally for every s ∈Msi , M
(πMsi
,ϕ)
s is present for s.
Thus by joining all the Mj ’s in S′ with S \ S′ we will get cyclic permutation on S with
all the maximal Mj ’s present, and thus the desired inequality. This follows because each
M
(πMj ,ϕ)
k is still present for each k ∈Mj after the permutations are joined.
And thus the result follows, since for each j ∈ S there is a set which is present for j in
the final permutation such that the average of ϕ on that set is no smaller than the average
of ϕ on Mj. ✷
We may ask whether pointwise domination of the reversed martingales by ergodic av-
erages is possible without taking the supremum. The answer is no and is given in the next
theorem.
Theorem 3.12. For any finite set S, with |S| > 2, there is a decreasing sequence of σ -
algebras {Fn}n1 on S, such that for any C > 0 and permutation π :S→ S the inequality
Enϕ(j) CAπn ϕ(j)
fails for some j ∈ S.
Proof. By choosing |FAn (k)|> n for some n ∈ N and k ∈ S the inequality will fail, since
suppEnϕ(j) contains points not in suppAπn ϕ(j) when ϕ = 1{k}. ✷
20 N. Goubran / J. Math. Anal. Appl. 290 (2004) 10–20We are now in a position to prove Doob’s maximal inequality using only the maximal
ergodic theorem.
Theorem 3.13. If (fn) is an L1-bounded martingale then
m
{
sup
n1
fn > λ
}
 C
λ
sup
n1
‖fn‖1.
Proof. This follows if we replace (fn) by a finite sequence (f1, f2, . . . , fN ) and prove the
inequality for the finite sequence with a constant independent of N.
In turn, by approximation it suffices to show that if F1 ⊆ F2 ⊆ · · · ⊆ FN are finite σ -
algebras and f ∈L1(X) then
m
{
sup
1nN
E(f |Fn) > λ
}
 C
λ
sup
1nN
‖fn‖1,
where C is a universal constant.
We may also assume f  0 and f is measurable, then for all atoms A ∈ Fn, for all
n ∈ {1,2, . . . ,N}, there is a finite set S ⊆X such that∣∣∣∣∣
1
|(S ∩A)|
∑
x∈S∩A
f (x)− 1
m(A)
∫
A
f (x) dx
∣∣∣∣∣ /
and ∣∣∣∣
∑
x∈S
f (x)−
∫
f (x) dx
∣∣∣∣ /.
Now consider Gn = {A∩ S: A is an atom in Fn}.
Then G1 ⊆ G2 ⊂ · · · ⊂ GN ⊆ S are finite σ -algebras. We can use Theorem 3.11 and
the ergodic maximal inequality on S to show∣∣∣
{
sup
1nN
E(f |S |Gn) > λ
}∣∣∣ C
λ
∑
s∈S
f (s). ✷
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